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Chern classes for representations of reductive groups
Arnaud BEAUVILLE
Introduction
Let G be a complex connected reductive group, and let R(G) be its represen-
tation ring. As an abelian group R(G) is spanned by the finite-dimensional repre-
sentations [V] of G , with the relations [V⊕W] = [V] + [W] ; the ring structure is
defined by the tensor product. Moreover the exterior product of representations give
rise to a sequence of operations λp : R(G)→ R(G) which make R(G) into a λ-ring
– see (1.1) below for the definition.
In the course on his work on the Riemann-Roch theorem, Grothendieck had the
remarkable insight that this purely algebraic structure is enough to define Chern
classes, without any reference to a cohomology or Chow ring. He associated to any
λ-ring R a filtration of R , the γ -filtration ; the Chern classes take value in the
associated graded ring grR , and the Chern character is a ring homomorphism
ch : R→
∏
p
grpQ , where grQR = grR⊗Q . When applied to the Grothendieck ring
K(X) of vector bundles on a smooth algebraic variety X these definitions give back
the classical ones, at least modulo torsion: the graded ring grQK(X) coincides with
the Chow ring CH(X)Q , and the Chern classes with the usual ones.
The aim of this note is to compute the Chern classes for the representation ring
R(G) – a simple exercise which I have been unable to find in the literature. Let g
be the Lie algebra of G ; we will assume that G , and therefore g , are defined over
Q (alternatively, we could without any loss take our Chern classes in grCR(G) ).
We denote by Pol(g)inv the ring of polynomial functions on g which are invariant
under the action of the adjoint group.
Theorem .− a) The graded ring grQR(G) is canonically isomorphic to the ring
Pol(g)inv of invariant polynomial functions on g .
b) Let ρ be a representation of G , and Lρ the corresponding representation of
g . The total Chern class c(ρ) is equal to the invariant function det(1 + Lρ) , and
the Chern character ch(ρ) to Tr(expLρ) .
We have of course an explicit description of the ring R(G) . Let T be a maximal
torus of G ; the Weyl group W acts on the ring R(T) , and the restriction map
R(G)→ R(T) identifies R(G) with the invariant sub-ring R(T)W . As an abelian
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group R(T) is spanned by one-dimensional elements (we will say that it is a split λ-
ring), which makes easy to compute its γ -filtration and Chern classes. The theorem
follows easily once we know that the γ -filtration of R(T) induces that of R(G) . This
turns out to be a general fact for invariant sub-rings of split λ-rings; we will deduce
it from the behaviour of the γ -filtration under the Adams operations (Proposition
1.6).
In section 3 we discuss an application. Let P be a principal G-bundle over a
base B (which may be a variety, or an arbitrary topos); the Theorem provides a
simple definition of the characteristic classes of P in the graded ring grQK(B) , and
a simple way of computing the Chern classes of the associated vector bundles.
1. Generalities on λ-rings
In this section we recall the definition and basic properties of λ-rings. Standard
references are [SGA6] or [F-L]; we follow the terminology of [SGA6], Expose´ V.
(1.1) A λ-ring R is a commutative ring with two more pieces of structure:
– An augmentation, that is a ring homomorphism ε : R→ Z ;
– A λ-structure, that is a sequence of maps λi : R→ R such that, for any x, y
in R and n ∈ N ,
λ0(x) = 1 λ1(x) = x λn(x+ y) =
∑
p+q=n
λp(x)λq(y) .
If we put λt(x) =
∑
p
λp(x) tp ∈ R[[t]] , the last condition is equivalent to
λt(x+ y) = λt(x)λt(y) .
Moreover we want formulas giving λp(xy) and λp(λq(x)) as polynomials in
λ1(x), . . . , λp(x);λ1(y), . . . , λp(y) and λ1(x), . . . , λpq(x) respectively. A convenient
way of expressing these is to introduce a sequence (ψk)k≥1 of additive endomor-
phisms of R , the Adams operations, defined by
∑
k≥1
ψk(x) (−t)k−1 = λt(x)
−1 d
dt
λt(x) .
Then the condition on the λ-structure means that the ψk are ring endomor-
phisms, and satisfy ψk ◦ψℓ = ψkℓ for k, ℓ ≥ 1 .
(1.2) Grothendieck associates to this situation a second λ-structure, defined
by γt(x) = λ t
1−t
(x) , and a decreasing filtration of R , the γ -fitration (Γp(R))p≥0 :
we put Γ0 = R , Γ1 = Ker ε , and Γp is spanned by the elements γi1(x1) . . . γ
ik(xk)
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with x1, . . . , xk ∈ Γ
1 and i1 + · · ·+ ik = p . Let grR = ⊕
p≥0
Γp/Γp+1 be the asso-
ciated graded ring. The Chern classes (cp(x))p≥0 of an element x ∈ R are defined
by
cp(x) = γ
p(x− ε(x)) in Γp/Γp+1 .
(1.3) A crucial point in what follows will be the behaviour of the γ -filtration
with respect to the Adams operations. Let us say that an element x of R has
λ-dimension n if it satisfies ε(x) = n and λi(x) = 0 for i > n ; we say that R
is Q-finite λ-dimensional if the Q-vector space R⊗Q is spanned by elements of
finite λ-dimension. For such a λ-ring we have, for each k ≥ 1 and x ∈ Γp(R) :
(1.4) ψk(x) ≡ kpx mod. QΓp+1(R)
([F-L], III, Proposition 3.1).
(1.5) Let us say that the λ-ring R is split if is generated as an abelian group
by elements of λ-dimension 1. In this case we have Γp(R) = rp , where r is the
augmentation ideal of R : indeed we have rp ⊂ Γp because γ1 is the identity, and
γt(x) ∈
∑
p≥0 r
p tp for all x ∈ r because this holds for x+ y if it holds for x and
y , and γt(ξ − 1) = 1 + (ξ − 1)t if ξ has λ-dimension 1.
Proposition 1.6 .− Let R be a split λ-ring, and G a finite group of automor-
phisms of the λ-ring R . Then the G-invariant elements form a sub- λ-ring S of
R . The filtrations (Γp(S))p≥0 and (Γ
p(R) ∩ S)p≥0 coincide in S⊗Q .
Proof : Since the action of G commutes with the λi the λ-structure of R induces a
λ-structure on S . Moreover the Q-vector space S⊗Q is spanned by the elements∑
g∈G gξ , where ξ is an element of R of λ-dimension 1; these elements have λ-
dimension |G| , thus S is Q-finite λ-dimensional.
To alleviate the notation we write R,S instead of R⊗Q and S⊗Q , and
Γp(R),Γp(S) instead of QΓp(R),QΓp(S) . We have Γp(S) ⊂ Γp(R) ∩ S for each p .
Let us first prove that the two filtrations define the same topology. Let r = Γ1(R) be
the augmentation ideal of R , and s = S ∩ r . Since R is a finite S-module, the ring
R/sR is artinian; thus there exists an integer ν such that rν ⊂ sR , and therefore
rnν ⊂ snR for all n .
As S-modules S is a direct summand of R (consider the projector r 7→
1
|G|
∑
g∈G
gr ). Thus for every ideal a of S , the induced homomorphism S/a→ R/aR
is injective, which means aR ∩ S = a . Using (1.5) we obtain
Γpν(R) ∩ S = rpν ∩ S ⊂ spR ∩ S = sp ⊂ Γp(S) .
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Let us prove now the inclusion Γp(R) ∩ S ⊂ Γp(S) by induction on p , the case
p = 0 being obvious. We have just seen that there exists an integer N such that
ΓN(R) ∩ S ⊂ Γp(S) ; let n be the smallest integer with that property. Assume n > p .
Let x ∈ Γn−1(R) ∩ S , and let k ≥ 2 be an integer; by (1.4) we have
ψk(x) ≡ kn−1x (mod. Γn(R) ∩ S) .
On the other hand we have x ∈ Γp−1(S) by the induction hypothesis; since S
is Q-finite λ-dimensional (1.4) gives
ψk(x) ≡ kp−1x (mod. Γp(S)) .
Since Γn(R) ∩ S ⊂ Γp(S) we get x ∈ Γp(S) for all x ∈ Γn−1(R) ∩ S , contra-
dicting the choice of n . Therefore we have n ≤ p , hence Γp(R) ∩ S = Γp(S) .
2. The λ-ring R(G)
(2.1) Let T be a connected multiplicative group, and X its character group;
this is a free finitely generated abelian group. The representation ring R(T)
is isomorphic to the group algebra Z[X] ; we denote by ([α])α∈X its canonical
basis. The augmentation and the λ-structure are characterized by ε([α]) = 1 and
λt([α]) = 1 + tα .
Let r be the augmentation ideal in R(T) . We have a canonical isomorphism
X→ r/r2 which maps a character α to the class of [α] − 1 (observe that [αβ]− 1 ≡
([α] − 1) + ([β]− 1) (mod. r2 ). Since the rings R(T) and R(T)/r ∼= Z are regular,
the canonical map S(r/r2)→ ⊕
p≥0
rp/rp+1 is bijective; using (1.5) we get a canonical
isomorphism
ϕ : S(X) ∼−→ grR(T) .
Under this isomorphism the element γ1([α] − 1) of r/r2 corresponds to
α ∈ X ⊂ S(X) . Thus the total Chern class c(ρ) of an element ρ = [α1] + · · ·+ [αd]
is given by c(ρ) =
∏
i
(1 + αi) .
Let h be the Lie algebra of T , viewed as a vector space over Q . We have a
canonical isomorphism X⊗Q→ h∗ , which associates to a character α : T→ Gm
its derivative Lα : h→ Q . Thus we can identify S(X)⊗Q to the algebra Pol(h) of
polynomial maps h→ Q ; the above formula becomes c(ρ) =
∏
i
(1 + Lαi) in Pol(h) .
For α ∈ X , let Cα denote the one-dimensional representation with character
α . The element ρ = [α1] + . . . + [αd] of R(T) is the class of the representation
V = Cα1 ⊕ . . .⊕Cαd . In the corresponding representation Lρ of h , an element H
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of h acts through the diagonal matrix diag (Lα1(H), . . . ,Lαd(H)) . Thus c(ρ) is
equal to the function det(1 + Lρ) in Pol(h) .
The Chern character gives an homomorphism ch of R(T) into the ring P̂ol(h)
of formal series on h . We have ch([α]) = ec1([α]) = eLα , hence
ch(ρ) = eLα1 + . . .+ eLαd = Tr(expLρ) in P̂ol(h) .
Remark 2.2 .− The exponential morphism of formal groups exp : ĥ→ T̂ induces
an injective homomorphism exp∗ : O
T̂,1
= Q[[X]]→ O
ĥ,0
= P̂ol(h) , which maps [α]
to eLα . The Chern character is the composition of this map with the injection
R(T) = Z[X] −֒→ Q[[X]] .
(2.3) Let G be a complex connected reductive group, g its Lie algebra, T
a maximal torus of G and h its Lie algebra; we can assume that G , T , g and
h are defined over Q . The Weyl group W acts on T , hence on the ring R(T) ;
restriction to T induces a homomorphism of λ-rings R(G)→ R(T) , whose image
is the invariant sub-ring R(T)W ([SGA6], Expose´ 0 App., Th. 1.1). By Proposition
1.6, the graded ring grQR(G) is isomorphic to (grQR(T))
W , that is to the ring
Pol(h)W of invariant polynomials on h (2.1).
Let ρ be a representation of G . From the commutative diagrams
R(T)
c
−−−−→ P̂ol(h)x
x
R(G)
c
−−−−→ P̂ol(h)W
R(T)
ch
−−−−→ P̂ol(h)x
x
R(G)
ch
−−−−→ P̂ol(h)W
we obtain
c(ρ) = det(1 + Lρ) in Pol(h)W ; ch(ρ) = Tr(expLρ) in P̂ol(h)W .
The restriction map Pol(g)→ Pol(h) induces an isomorphism Pol(g)inv → Pol(h)W
([B], § 8, Th. 1). Since the functions det(1 + Lρ) and Tr(expLρ) are invariant, the
above equalities hold as well in Pol(g)inv and P̂ol(g)inv respectively. This proves
the theorem stated in the introduction.
3. Application: Chern classes of associated bundles
(3.1) Let B be an algebraic variety, and P a principal G-bundle over B (for
what follows B could be as well a scheme, or even a topos). To any representation
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ρ : G→ GL(V) is associated a vector bundle Pρ = P×G V on B ; we define in this
way a homomorphism of λ-rings b∗P : R(G)→ K(B)
1 . In view of the isomorphism
described above, it induces a homomorphism of graded rings
cP : Pol(g)
inv → grQK(B) ,
called the characteristic homomorphism.
Let ℓ = dimT . Recall that there are homogeneous functions I1, . . . , Iℓ in
Pol(g)inv such that Pol(g)inv = Q[I1, . . . , Iℓ] ([B], § 8, The´ore`me 1). The elements
c
(i)
P := cP(Ii) may be called the characteristic classes of P (but note that they
depend on the choice of the generating sequence (I1, . . . , Iℓ) ). If B is a smooth
variety, the graded ring grQK(B) is canonically isomorphic to the rational Chow
ring CHQ(B) ([SGA6], Expose´ XIV, n
o 4); our characteristic classes correspond
under this isomorphism to those defined in [V] and [E-G].
Proposition 3.2 .− Let ρ be a representation of G ; write det(1 + Lρ) =
F(I1, . . . , Iℓ) , where F is a polynomial in ℓ indeterminates. Let P be a princi-
pal G-bundle on B , with characteristic classes c
(1)
P , . . . , c
(ℓ)
P in grQK(B) . Then
the total Chern class in grQK(B) of the associated bundle P
ρ is
c(Pρ) = F(c
(1)
P , . . . , c
(ℓ)
P ) .
Similarly, if Tr(expLρ) = G(I1, . . . , Iℓ) , with G ∈ Q[[T1, . . . ,Tℓ]] , we have
ch(Pρ) = G(c
(1)
P , . . . , c
(ℓ)
P ) .
Proof : This follows from the Theorem, the commutative diagram
R(G)
b∗
P−−−−→ K(B)
c
y
y c
P̂ol(g)inv
c
P−−−−→ ĝrQK(B)
and the corresponding diagram for the Chern character.
Examples 3.3 .− The Proposition provides a way of computing the characteristic
classes in terms of Chern classes, at least for classical groups. We use the standard
generating system (I1, . . . , Iℓ) given for instance in [B], § 13. We denote by EP
the vector bundle on B associated to P through the standard representation of
GL(n), SO(n) or Sp(n) in Cn .
1
In fancy terms, the principal bundle P corresponds to a morphism bP of B into the classifying
topos (or stack) BG , and b∗
P
is just the pull-back map.
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a) For G = GL(ℓ) , we have Ip(A) = Tr(Λ
pA) for A ∈ gl(ℓ) and 1 ≤ p ≤ ℓ ; this
gives c
(p)
P = cp(EP) for 1 ≤ p ≤ ℓ .
b) For G = Sp(2ℓ) or SO(2ℓ+ 1) , we have Ip(A) = Tr(Λ
2pA) ; this gives
c
(p)
P = c2p(EP) for 1 ≤ p ≤ ℓ (the vector bundle EP is isomorphic to its dual, thus
its odd Chern classes with rational coefficients vanish).
c) For G = SO(2ℓ) , we realize g as the space of skew-symmetric matrices
in gl(2ℓ) ; we have Ip(A) = Tr(Λ
2pA) for p < ℓ , and I2ℓ(A) = Pf(A) . We obtain
c
(p)
P = c2p(EP) for 1 ≤ p ≤ ℓ− 1 , and c
(ℓ)
P is a class in gr
ℓ
QK(B) with square
c2ℓ(EP) .
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